On analytic fiber bundles—I holomorphic fiber bundles with infinite dimensional fibers  by Bungart, Lutz
Topology Vol. 7, pp. S-68. Porgamon Press. 1968. Printed in Great Britain 
ON ANALYTIC FIBER BUNDLES-I 
HOLOMORPHIC FIBER BUNDLES WITH 
INFINITE DIMENSIONAL FIBERSt 
LUTZ BUNGART 
(Received 8 November 1966) 
$1. INTRODUCTION 
LET X be a complex analytic space and G a complex Lie group. In a series of papers [7-91 
Grauert proves that if X is a Stein space then two complex analytic principal bundles with 
structure group G over X are analytically equivalent if and only if they are equivalent as 
topological fiber bundles with structure group G. A couple of years ago, F. Browder asked 
the question whether Grauert’s theorem holds also with G the general linear group GL(H) 
of a complex Hilbert space H, which is an infinite dimensional complex Lie group. It turned 
out that the answer is affimrative. With the discovery by Kuiper [14] that GL(H) is con- 
tractible, it yields the interesting result that every complex analytic vector bundle over a 
Stein analytic space with fiber an infinite dimensional Hilbert space, is trivial. So it seemed 
worthwhile to have the result finally written up. In fact we prove that Grauert’s theorem 
holds for any complex analytic Lie group with a Banach space as space of parameters. 
Actually, we need to know little about the theory of infinite dimensional complex 
analytic Lie groups; just their definition and the existence of the canonical holomorphic 
mapping exp from the tangent space Tat 1 into the Lie group, which is biholomorphic in a 
neighborhood of 0 in T. This theory can be developed as in Maissen [16], where the real 
analytic case is discussed. (See in particular 997 and 9 of that paper. The results on analytic 
functions on Banach spaces which are used there, can be found, for instance, in @41-44 
of Nachbin [17].) In the proofs of our theorem we have heavily leant on Cat-tan’s presenta- 
tion [4] of Grauert’s theorem. Cartan throws the “hard” part of the proof into two basic 
propositions (Propositions 1 and 2) which he puts off till the end; he deduces from them 
Grauert’s theorem by “soft” methods. It turns out that the “soft” part of Cat-tan’s pre- 
sentation is valid for infinite dimensional holomorphic fiber bundles as it stands, so we do 
not reproduce it here. We are therefore left with proving the Fundamental Propositions 1 
and 2. Since the theory of vector valued holomorphic functions as developed in Bishop [l] 
and Bungart [2] is not powerful enough, we have to deduce from it some results on analytic 
sheaves over the sheaf of germs of holomorphic functions with values in a Banach algebra 
t Research supported in part by the National Science Foundation. 
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(which could well form a basis for a general theory). This is done in $92 and 3. These 
results are used in $4 to obtain resolutions for holomorphic vector bundles with a 3anach 
space as fiber. In $5 we state Propositions 1 and 2, which are then proved in 956 and 7. 
Section 8 contains the precise statement of the final result and applications. 
We use the terminology of Gunning and Rossi [II]. All function spaces (or spaces of 
sections) are given the compact open topology. As for holomorphic functions with values 
in a Frechet space we rely on the author’s paper [2]. The results can also be found in 
Bishop [l] if one wants to assume that all analytic spaces and subvarieties which occur in 
the following, have only regular points. However, not all needed results are explicitly stated 
in that paper. By the time this article appears in print, Kripke’s work [13] will probably 
be available. 
$2. CARTAN’S LEMMA FOR BANACH ALGEBRAS 
The basic tool in proving the theorems on the cohomology of coherent analytic sheaves 
is “Cartan’s Lemma” [3, 51. We need a corresponding theorem for holomorphic functions 
with values in (the multiplicative group of invertible elements in) a complex Banach algebra. 
Only minor modifications are necessary in the standard proof as presented for instance in 
Gunning and Rossi [l 11, pp. 199-200. 
2.1 THEOREM (Cartan’s Lemma). Suppose D, and D2 are two compact rectangles in 
the complex plane intersecting in a rectangle D, such that D, v D, is also a rectangle. 
Let f be a holomorphic function on (a neighborhood of) D, with values in the group G of 
invertible elements of a (complex) Banach algebra A (u,ith unit). There are holomorphic 
functions f’ andf” on D, and D, , respectively, having values in G such that 
f(z) = f’(z)f”(z)for z E D, = D, n D, . 
Proof. We sketch the proof only. Suppose f is defined in an &-neighborhood of Do. 
Let V~j(Vzj) be .s2-j-neighborhoods of D1(D2) and define Vj = V,j n Vzj. We can 
write aVj as the union of two curves aj and bj such that aj n V~j = @ = bj n Vzj. Let 
t 2 sup{lajl, lbjl: j 2 l}. 
Now choose b so small that exp maps the &ball around 0 in A homeomorphically onto 
a neighborhood of 1 in G and such that there is a constant M with 
j/(1 + x)-‘/l 5 M for jjx// 5 6. 
We may assume also 
0 < 6 <n&/4M2e. 
Then choose p > 0 with 
4M26’ < p < n&/e. 
Suppose I/f - 111 : p/4 on VI and let g1 = f- 1. Define by induction 95, g;, gj+l on 
V,j, V2j and vj+l, respectivly, such that 
(1) jIgi/j < 62-j on V~,j+l) [I&[[ < 62-j Oil V2,jfl. 
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(2) gj=g;+g;on '/), 
(3) l+gj+I =(I + g;)-'(1 + gj)(l + gy)-' on V>+r, 
(4) llgj+Ill <P/J’+’ on vj+l* 
It suffices to let 
(*) g;(z) = (X)-l 
1^ 
gj(t)/(t - z) dt, 
OJ 
g;(z) = (2ni)-’ 
i 
gj(l>/(t - 2) dt 
.bJ 
and define gj + 1 by (3). We have 
f = f; . . . fjfj+J;... /‘; 011 vii1 
wherefJ= 1 +g)andfJ= 1 +gJ. Now 
f’=liml+f;, f M = lim fi fl 
1 1 
(limits in A) have the property f = f’f” on D,. Since we could have taken 
slightly larger in the proof we may assume that f’ and f” are holomorphic on 
D1 and D2 
D, and D2 
respectively. The values off’ belong to G since ITj,,f; is close to 1 for k large enough, 
and similarly for f “. 
Above we have assumed that f is close to 1. If not, we proceed as follows. First we 
may assume that f has values in the connected component G, of G which contains 1 
(multiplying f by a suitable element of G if necessary). Since the topological group of 
holomorphic functions on VI with values in G, is connected, we can write f = h, . . hk 
where hj have values close to 1. Each hj can be approximated by exp Pi where Pi is a 
polynomial with coefficients in A i.e., f can be approximated by a holomorphic function h 
defined on the whole plane and with values in G, . Now we need only factor,fh-’ = f’f * 
as above and obtain f = f ‘(f “h). 
2.2 COROLLARY. Suppose rl and TZ are compact cubes in C” intersecting in a cube TO 
such that rl v I?? is again a cube. Let f be a hoZomorphic function on TO with values in the 
group G of invertible elements of a Banach algebra A. There are holomorphic functions f’ 
andf * on rl and r2, respectively, having vaIues in G such that 
f(z) = j’(z)f”(z) for z E r. = rl n rz . 
ProoJ We may as well assume that JYi = Di x Q, where the Di are as in the theorem 
and Q is a cube in C”- ‘. Then we apply the theorem with the Banach algebra A replaced 
by the Banach algebra of bounded holomorphic A-valued functions on a (suitable) fixed 
neighborhood of Q in C”-‘. 
2.3 DEFINITION. A compact subset K of an analytic space X is called special (see Car-tan 
[4], Definition 3, p. 99) if there is a holomorphic map h: X--f C” for some n such that 
(1) h is hiholomorphic in a neighborhood U of K, 
(2) there is a cube r in C” such that K = U n h-‘(r). 
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A triplet (K, K’, K”) of special compact subsets is called a special configuration (see [-$I, 
p. 109) if 
(3) there is a decomposition I? = JY1 v r2 of I- into a union of cubes rl and r2 such that 
r1 n IYz has lower (real) dimension than r and 
K’ = u n h-l&), K” = U l-7 h- ‘(I-,) 
2.4 COROLLARY. Suppose (K, K’, K”) is a special configuration of special analytic sets 
and f is a holomorphic function on (a neighborhood of) K’ n K e with values in the group G 
of invertible elements of a Banach algebra A. If f takes calues on K’ n K” which are 
sufficiently close to the identity, then there are holomorphic functions fr andf” on K’ and K”, 
respecticely, having calues in G such that 
f(z) = f’(z)f”(z)for z E K’ n K”. 
Proof. We consider K = K’ u K” as embedded in C” (via the holomorphic mapping 
of the above definition). Then a neighborhood U of K is realized as a closed subvariety 
of a domain of holomorphy containing r and K’ = rl n U, K” = r2 n U (in the notation 
of the definition). Since f has values close to the identity, we can form g = logf( = exp- ‘f). 
The function g can be extended to an A-valued holomorphic function g on a neighborhood 
of lY1 n lY2 = To (Bungart [2], Corollary 12.1). f = exp 3 is a holomorphic function on To 
with values in G which extends J Now we can apply the previous corollary to 3. 
2.5 COROLLARY. If the function f in the last corollary depends continuously on a 
parameter in a compact Hausdorff space H, then the functions f’ andf” can be chosen with 
the same property. 
Prooj: Replace A in the last corollary by the Banach algebra of continuous A-valued 
functions on H. 
$3. SYZYGETIC SHEAVES 
In the following A is a complex Banach algebra. We denote the sheaf of germs of 
A-valued holomorphic functions on a complex analytic space X by .&‘. If X=C” we 
denote the sheaf of germs of A-valued holomorphic functions on C” (or any subdomain 
of C”) by noA. Since X0+ is a sheaf of rings, we can talk about sheafs of #P-modules. 
3.1 DEFINITION. A sheaf B of right xBA-modules on an analytic space X is called 
syzygetic (the terminology is due to Gunning [lo]) y I every point of X has a neighborhood 
over which 9 admits a finite free resolution 
0 + CyOA)nr. + . * * -+ (XOfyl -+ ‘F ---f 0. 
of sheares of right x8A-modules. 
3.2 THEOREM. Suppose 9 is a syzygetic sheaf of right #‘-modules on an open set U 
in C”. For any compact cube r in U there is a finite free resolution of 9 over a neighborhood 
0fr. 
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Proof. The construction of such a resolution (or syzygy) is achieved by amalgamation 
of local syzygies using Cat-tan’s lemma (applied to the Banach algebra of “j x “j matrices 
with entries in A). For details see Gunning and Rossi [l 11, pp. 201-207. 
3.3 LEMMA. Let V be a closed subvariety of an open set U in C” and suppose 9 is a 
locally free sheaf of right .BA-modules of finite rank on V. We extend 9 trivially to all 
of U. Then 9 is a syzygetic sheaf of .OA-modules on 0: 
Proof. Since being syzygetic is a local property, we may assume that 9 = “GA and 
that the sheaf y0 of germs of (scalar valued) holomorphic functions on V has a free 
resolution 
where $Y’j is a power of the sheaf of germs of holomorphic functions on UC C”. By 
vectorization of this exact sequence we obtain an exact sequence 
of sheaves of right @-modules (see Proposition 9.4 in Bungart [2]). 
3.4 COROLLARY. Suppose F is a locally free sheaf of right .DA-modules (ofjinite rank) 
on an analytic space X. For any special compact subset K qf X (see Definition 2.3) there 
is an exact sequence 
0 + (xOA)nr. + . . . .+(x~~)n~+~+O 
of sheaves qf right ,OA-modules on a neighborhood of K. 
3.5 Remarks. If X is a Stein analytic space then (XOA)“k has trivial cohomology 
(Theorem B, p. 331 in [2]) and hence the sheaf F in Corollary 3.4 has trivial cohomology, 
too. On the other hand, if 9 is any syzygetic sheaf of right xBA-modules on an analytic 
space X, one can prove Corollary 3.4 for .% (one has to show that an ,BA-syzygetic sheaf 
on a subvariety V of an open set U in C” is also .0A-syzygetic by pasting together a lot of 
exact sequences). Thus such a sheaf 9 has also trivial cohomology if X is a Stein space. 
$j4. RESOLUTIONS FOR ANALYTIC B-VECTOR BUNDLES 
We show now how the results of the previous section can be used to construct global 
cross sections in analytic vector bundles over a Stein space whose fibers are isomorphic 
to a (complex) Banach space. 
4.1 DEFINITION. A (complex) analytic B-vector bundle V with fiber a Banach space B 
on an analytic space is a topological vector bundle with fiber B which can be defined by 
holomorphic transition functions with values in the general linear group GL(B) of B (of 
invertible transformations on B). 
We consider GL(B) always as embedded in the algebra A = L(B) of continuous linear 
endomorphisms of B. 
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4.2 THEOREM. Let V be an analytic B-c.ector bundle on an analytic space X, and ‘I- l/le 
sheaf of germs of holomorphic cross sections of V. For any special compact set K in x (see 
Definition 2.3) there is an exact sequence 
0 -+ (,#“,“k -+ . . . + (,JP)“’ : Vy- --* 0 
ol‘er a neighborhood of K, Irhere the components of the maps are holomorphic functions 
with values in A = L(B) (locally in case of the last map). 
Proof. Let 9 be the sheaf of germs of fiber preserving holomorphic mappings from 
X x B into V which are linear on the fibers. Then 9 is a locally free sheaf of right #“- 
modules. So there is an exact sequence 
fk 
O-*(XeA)nki...~(X~A)nl~g-rO 
of sheaves of right ,BA-modules over a neighborhood of K (by Corollary 3.4). The 
mappings in this sequence can locally be given by matrices whose entries are holomorphic 
functions with values in A. Thus they define a sequence of sheaves 
(*) 0 --+ (,YOB)“k + * *. -+ (XsB)“r -+ Y- -+ 0 
in a neighborhood of K which is to be shown to be exact. Since this is a local problem we 
may assume that V is a product bundle so that 9 = (,Y0A)“o and Y‘ = (,#“)‘@ (with n, = 1). 
Furthermore, we need consider the exact sequence (*) only at each point 0. The morphism 
1’, : (,s;>“’ --f (&y -+ 0 
splits; so there is a morphism 
91 : wan0 -+ c&3”’ 
with fi 0 g1 = identity. Thus 
f, : (x@“* -+ ~X~gB~“” 
splits and is therefore onto. The kernel of this map is the image of the projection 
id - g1 0 fi. The morphism 
f2 : (&>“2 --f (id - g1 0 fJ(&>“’ 
splits since the image is a direct summand of (XOA)nI, so there is a morphism 
sz: We)“’ 4 C&Y 
with fi 0 gz = id - g1 Q fi which implies that (*) is exact at (,uOB)“9. Similarly we show 
exactness of (*) at the other places. 
4.3 COROLLARY. Let V be an analytic B-vector bundle on a Stein analytic space x 
and Y a closed subvariety of X. Denote by -Ire the sheaf of germs of holomorphic cross 
sections of V that vanish on Y. For any relatively compact holomorphically convex domain 
U in X there is an integer n and an epimorphism 
@: (#)“+~O 
ON ANALYTIC FIBER BUh-DLES--I 61 
\tAere 14B is the sheaf of germs of holomorphic B-calued functions canishing on Y and where 
the components of @ are locally giGen by holomorphic functions with calues in A = L(B). 
Furthermore, Q induces an epimorphism 
CD: H"(Uo , xSB)” -+ H"(Uo , “y’) 
for any holomorphically comex domain U. c U. 
Proof. There is a special compact set K containing U and hence, by the last theorem, 
an exact sequence 
0 + (#)nk -+ ... -+ (#>“I -+ V + 0 
over U, where -Y is the sheaf of germs of cross sections of V. Since the sheaves in this exact 
sequence are locally free, we can tensor over ,@ with the sheaf .4 of germs of holo- 
morphic functions and retain exactness. Now we use that 
$I* 0 i9,4 = ,r‘FB (0 = ,@) 
(Bungart [2], Proposition 10.3 in conjunction with the remark preceding it; see also Bishop 
[I], Theorem 3). Thus we have an exact sequence 
0 
0 --) (#B>n, -+...+(#)“l+VO+O 
over U. Since the sheaves x9B have zero cohomology over any holomorphically convex 
subdomain U, of U (Theorem B on page 331 in [2]), the kernel A’- of Q also has zero 
cohomology over each such U, . This in turn implies that @ induces an epimorphism of 
cross sections over each U, . 
4.4 Remarks. The above theorem implies, of course, that Y and V” have zero 
cohomology if X is Stein. The method used in proving the theorem can be used to develop 
a general theory of analytic B-sheaves satisfying suitable conditions. However, we do not 
have any use for such a theory in this paper. 
$5. HOLOMORPHIC FIBER BUNDLES WITH INFINITE DIMENSIONAL 
STRUCTURE GROUPS 
Let G be a complex analytic Lie group with space of parameters u (complex) Banach 
space B (the definition is analogous to Definition 1, p. 235 of Maissen [16]). The complex 
tangent space T to G at 1 is isomorphic to B, and canonically isomorphic with the Lie 
algebra of G ([16] Satz 3.1, p. 239). There is a holomorphic map 
exp: T-+G 
canonically attached to the pair (G, T), which is biholomorphic in a neighborhood of 0 
([I61 Satz 6.1, p. 245 and Satz 7.1, p. 249). 
Now let E be an analytic fiber bundle with fiber G on a complex analytic space X. 
That means, there is an open covering {Vi} of X such that E is isomorphic (as a topological 
fiber bundle) to Vi x G on Vi and the transition functions from Ui x G to Uj x G can 
62 LUTZBUl'iGART 
be given by holomorphic mappings 
f;:j:(UinUj) x G+G 
wheref&, .) is an automorphism of G for each x E Ui n Uj . 
Suppose C is a compact space of parameters, and N, H are closed subsets of C with 
NC H. Let Y be a closed subvariety of the complex analytic space X and denote by 
T(U) the topological group of continuous cross sections of E over an open set U that 
equal 1 on Y. Similarly, ‘T(U) is the subalgroup of S’(U) of holomorphic cross sections 
of E over U which equal 1 on Y. A cross section cp of E of type (N, H, C) over U is a 
continuous mapping 
such that 
(1) v(t) = 1 for t E N, 
(2) q(t) E g’(U) for t E H. 
We remark here, that cross sections of type (N, H, C) are similarly defined for a holo- 
morphic vector bundle, with 1 replaced by 0. 
Proposition 1 and 2 of Cat-tan [4] read now as follows. 
5.1 PROPOSITION. Suppose X is a Stein anaIytic space and K is a special compact subset 
of X (Definition 2.3). Let 9 be the sheaf of germs of cross sections of type (N, H, C) of 
the analytic Lie group bundle E. Then every cross section qf % over a neighborhood of K 
which is sufficiently close to the identity, can be uniformly approximated on K by cross 
sections of 9 over X (i.e. the image of H ‘(X, %) -+ H ‘(K, %) is dense in some neighbor- 
hood of 1 if ,re give H”(K, %) the inductive limit topology relative to the maps 
H”(U, %) + H ‘(K, %), U an open neighborhood of K). 
5.2 PROPOSITION. Suppose (K, K’, K”) is a special configuration of special compact 
sets in the analytic space X (Definition 2.3). If f f H”(K’ n K”, %) is sufficiently close to 
the identity, then 
f =f’.T_1, 
wheref’EH”(K’,%)andf”EHo(K”,%). 
The proofs are very much like those in Car-tan’s paper [4]; only slight mod&cations 
are necessary in their formulation in order to make use of the results of the previous sections. 
We shall sketch the proofs. 
w. PROOF OF PROPOSITION 5.1 
Before starting on the proof let us recall the following theorem on Frechet spaces 
which is proved in the appendix of Cartan [4]. 
LEMMA. Suppose @ : F -+ Fl is a continuous linear epimorphism of Frechet spaces. 
Let f: C -+ F, be a continuous map from a compact Hausdorfl space C and g : H + F a 
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continuous map from a closed subset H of C such that @ c g = f IH. Then there is a con- 
tinuous extension Lj of g to aN of C satisfying @ a d = f. 
Associated with the analytic Lie group bundle E is the complex analytic T-vector 
bundle T(E) of complex tangent spaces to the fibers of E at 1. The fibers of T(E) are 
isomorphic to the Lie algebra T of G. The exponential 
exp: T(E) + E 
defines a holomorphic mapping of analytic fiber bundles, and exp is biholomorphic in a 
neighborhood of the zero cross section of T(E). Thus it suffices to prove Proposition 5.1 
for cross sections of type (iv, H, C) of the T-vector bundle T(E). Furthermore, it suffices 
to show that for any relatively compact holomorphically convex domain 0’ containing K, 
the given section f E H”(K, 9) can be approximated on K by sections of type (iV, H, C) 
over Cr. Namely, if {U,), is a sequence of relatively compact holomorphically convex 
domains and K, a sequence of special compact sets with 
K=Ko~UocK,cU,, _ I1 2 1 
and u U, = X, then we approximate the given f on K, by an element ,f, E H “( U,, 9) and 
f; on K, by an element f2 E H’(U,, 9) etc., thus obtaining a sequence {f,} which can be 
made to converge uniformly on compact sets to a section g E H”(X, .F) which approxi- 
mates f on K. 
By Corollary 4.3, there is a continuous linear epimorphism 
CD”: HO( u, ,#)” -+ HO( u, -Y”), 
where Y” is the sheaf of germs of holomorphic cross sections of T(E) vanishing on the 
subvariety Y and where the components of 0’ are locally given by holomorphic L(T)- 
valued functions. Moreover, a“ induces an epimorphism if U is replaced by a holo- 
morphically convex subdomain U, on which the given section f of type (N, H, C) of T(E) 
is defined. CD” defines a continuous linear map 
W: HO( U, ) #j” -+ P( u, , Y-‘) 
where -Y’ is the sheaf of germs of continuous cross sections of T(E) vanishing on Y and 
X~T is the sheaf of germs of continuous T-valued functions vanishing on Y. 4’ is in fact 
an epimorphism. The easiest way to show this is to appeal to the proof of Corollary 4.3, 
where 0’ was constructed from an epimorphism Cp” : H’(U, #‘)” + H’(U, F(E)) (where 
y(E) is the sheaf of germs of holomorphic cross sections of T(E)) which, by the proof of 
Theorem 4.2, has locally a left inverse (splitting) Y. Thus, writing a germ c( E ^ Y’ as 
CL = yp where /I E -Y-’ and y is a germ of scalar valued continuous function vanishing on Y, 
we have ;tY(j?) E XfT which maps by CD’ onto a. Hence W: (,,/r)” + ^Y’ is an epimorphism 
on U whose kernel is a fine sheaf with zero cohomology. (However, one can also show 
directly that CD’: &jr)” -+ Y’ is an epimorphism). Employing the theorem on Frechet 
spaces stated in the beginning of this section, we can extend the zero function IV-+ HO 
(U, , ,#j” to a continuous function 
go : H -+ H”( U, , /j” 
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such that 0” o go coincides with the given f on H. Considering go with values in 
HOW0 v .ufr)“? we can extend go to a continuous function 
9: c + ff”wo 7 Xf)” 
such that W o g = f. It suffices now to approximate the section g of type (N, H, C) of 
X x T” on K by a section of type (N, H, C) of X x T” over U. Using partition of unity 
on C, this is reduced to approximating a holomorphic (continuous) T-valued function on 
Cr, 1 K, which vanishes on Y, by a T-valued function on U with the same properties. 
This is possible since U 2 U, are holomorphically convex (see Theorem C, p. 332 in 
Bungart [2]). 
S7. PROOF OF PROPOSITION 5.2 
The proposition is first solved for t E H so that f has the properties 
(a) f(s, t) is continuous in (x, t), 
(b) f(. , t) is holomorphic for t E H, 
(c) f(x, t) = 1 for .y E Y or t +s N. 
Since f has values sufficiently close to 1, we can find a cross section a(x, t) of the bundle 
T(E) of Lie algebras associated with E such that 
exp a(x, t) = j(s, 1) 
and n(x, t) satisfies conditions similar to (a) to (c) (with 1 replaced by 0). Let 
f(x, t, u) = exp(u . a(x, t)), 11 E [O, 11 
so that 
aflall = a(x, t) * f(x, t, u). 
Finding f ‘(x, t, u) and f “(x, t, u) with f = f ‘f ” is equivalent (by differentiation) to solving 
the following equations in T(E) with suitable sections a’ and u” over K’ and K”, 
respectively: 
a’(x, t, Cd) = u(x, t) + 1(x, 2, u) * u”(x, t, u) 
af pL = d, ay/au = u”, f’(0) = 1 = f”(O), 
where E.(x, t, u) = ud(f(x, t, u)). 
Let Lxp be the sheaf of germs of fiber preserving holomorphic mappings from X x T 
into T(E) which are linear on the fibers (T is the typical fiber of T(E)). By Corollary 3.4 
there is an epimorphism of sheafs of right #P-modules 
@:(#)“-+Z, 
where A is the algebra of bounded linear endomorphisms of T, and this morphism induces 
an epimorphism 
on any holomorphically convex domain U 2 K’ A K” in the domain of definition of 1. 
(or J). Note that I.(., t, u) defines an H’(U, .OA)-isomorphism A(t, u) of H”(U, 2’) into 
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itself by acting on the left on H’(U, .%‘). Now consider the Frechet space FI of 
H”( U, .G’)-morphisms 
HO( u, #A)” --) HO( U, X). 
The Frechet space F of H”(U, x8”)-endomorphisms of H”(U, ,@)” is mapped by 
‘J-+O”Y 
onto F, since H’(U, x0”)” is free. Thus we can lift the continuous map 
A”@:H x[O,l]-+F, 
to a continuous map 
cp : H x [0, 1-j -+ F. 
Since A is close to the identity, we can choose cp close to the identity, too, by the open 
mapping theorem. Thus cp(x, t, U) is an invertible matrix close to the identity. Further- 
more, by Proposition 5.1 we can find a section a(x, t) of X x T” over U vanishing for 
x E Y and for t E N such that Q(z) = u. It suffices now to solve the equation 
c?‘(x, t, u) = c((x, t) + p(x, t, 24) . c(“(X, t, u). 
By Corollaries 2.4 and 2.5, we can find invertible matrices ‘p’ and cp” whose entries are 
holomorphic A-valued functions on a neighborhood of K’ and K”, respectively, and which 
depend continuously on t and u, such that 
q’q = cp” 
in a neighborhood of K’ n K”. Therefore we can write our equation as 
(P’u’ = rp’a + cp“~“, 
that is, we have to solve 
‘p’a = /j = 8’ - j” 
for /I’ and fl”. For this we let I-, I-i, Tz be the cubes in euclidean space in which 
K, K,, K2 can be realized (see Definition 2.3). We extend /3 into a neighborhood of 
r1 n lY2 (Bungart [2] Corollary 12.1) and write 
B = 1 Bjilj 
where gj are scalar valued holomorphic functions in a neighborhood of r = r1 v rz 
vanishing on Y ([2] Proposition 12.2 and Proof). Then we solve 
jjj = jj; - Bj” 
with & and @” holomorphic in a neighborhood of r1 and Tz, respectively, by the Cauchy 
integral formula (see equation (*) in the proof of Theorem 1). 
Now we have solved the equation 
a’(x, t, U) = a(x, t) + 2(x, t, U) * d(X, t, u) 
for t E H. We extend a’ and a” by continuity for t E C such that they vanish for x E Y. 
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Then 
a’ - ,I. f a” - a = q 
is holomorphic in x in a neighborhood of K’ n K” and vanishes for x E Y or t E ff. We 
extend cp for t f C to a continuous section @ of T(E) in a neighborhood of K’ such that 
CD vanishes for x E Y and for t E H. Then 
satisfy the equation 
b’ = 0’ - a,, b” = a” 
b’(x, t, u) = a(x, t) + j.(x, t, u) . b”(s, t, u) 
as desired. This completes the proof as we have remarked at the outset. 
5.8. ANALYTIC BUNDLES WITH INFINITE DIMENSIONAL FIBERS 
Let E be a complex analytic fiber bundle of Lie groups over a complex analytic 
space X whose fibers are all isomorphic to a complex analytic Lie group G with space of 
parameters a complex Banach space B (see the beginning of $5). 
8.1 THEOREM. Let Q”, respectively L?‘, denote the sheaf of germs of holomorphic (con- 
tinuous) cross sections of E. If X is a Stein space then the natural morphism of sheaves of 
groups 8“ -+ 8’ induces an isomorphism 
H’(X, au) + H’(X, 8’). 
Proof: Now that Proposition 1 and 2 of Cartan [4] have been established for E, the 
remainder of the proof as described by Cartan [4] (for a finite dimensional Lie group G) 
can be copied word by word. 
Geometrically, the theorem says that two complex analytic E-principal fiber bundles 
are analytically isomorphic if and only if they are isomorphic as topological E-principal 
fiber bundles. In particular (takin g E = X x G), we obtain that a complex analytic prin- 
cipal G-bundle is analytically trivial if and only if it is trivial as a topological principal 
G-bundle. If G is the general linear group CL(H) of invertible operators on an infinite 
dimensional complex Hilbert space H then every principal G-bundle is trivial since G is 
contractible (Corollary 1, p. 29 in Kuiper [14]. An analytic space is a CW complex by 
the results of [6] or [15]. See also the exposition by Illusie in [12]). Hence 
8.2 THEOREM. Every principal complex analytic fiber bundle ocer a Stein space, with 
fiber the general linear group of an infinite dimensional complex Hilbert space, is analytically 
trivial. 
An interesting question in this connection is whether CL(H) has a holomorphic 
contraction if H is infinite dimensional. Propositions 1 and 2 can be generalized in a 
suitable way for bundles E over an infinite dimensional analytic space without too much 
effort. However, Cartan’s proof of Theorem 8.1 uses induction on the dimension of certain 
special compact sets. The author has not yet been able to substitute that argument by 
one which will work on infinite dimensional analytic spaces. Jf this should prove possible, 
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an application of Theorem 3, p. 103, in Cartan [4] (or its generalization to infinite dimen- 
sions in Theorem 8.3 below) will establish the e?cistence of a holomorphic contraction 
for GL(H). 
In the course of the proof of Theorem 8.1 a la Cartan, the following result is obtained. 
Let E be a complex analytic fiber bundle of Lie groups over a Stein analytic space X whose 
fibers are all isomorphic to a complex analytic Banach Lie group G. 
8.3 THEORE~I. Let f and f’ be holomorphic sections of an analytic E-principal bundle P 
such that f and f’ are homotopic as continuous sections. Then there is a holomorphic 
homotopy h : X x [O, l] + P of sections betbcveen f and f’ (where [0, l] is considered as a 
subset of C). 
Similarly, Thiorkme 1 bis and Theoreme 2 bis of [4] generalize to our setting with G 
a Banach Lie group: 
8.4 THEORE?II. Let P be as above, Y a closed subcariety of X and U a holomorphically 
conrex domain in X. If a continuous section f: X -+ P is such that f 1 Y = g is holomorphic, 
then f is flomotopic to a holomorphic section in the space of continuous sections that induce 
g on Y. If f: U -+ P, g : Y -+ P are holomorphic sections such that f 1 Y n U = g/ Y n U, 
then f can be approximated by holomorphic sections h : X + Y with hl Y = g (uniformly on 
compacta in U) if and only if it can be approximated by continuous sections h with hi Y = g. 
Finally, let us mention that Propositions 1 and 2 of Cartan [4], and their generalization 
to Banach Lie groups in Propositions 5.1 and 5.2, can also be obtained for real (Banach) 
Lie group bundles over real analytic manifolds with a suitable concept of appro,ximation. 
Whether this implies the main result (Theorem 8.1) is presently under study. To my 
knowledge, Theorem 8.1 is unknown even for the case of a Lie group bundle over a real 
analytic manifold with a finite dimensional real Lie group as fiber. 
ADDED IN PROOF. In his paper Une gPnPraIisation de la notion de diviseur (Atti de1 
Convegno Internationale di geometria algebrica, Torino 1961) P. Dolbeault quotes on 
p. 145 an unpublished paper by H. Cartan according to which Theorem 8.1 and its conse- 
quences are true for finite dimensional real analytic Lie groups. 
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